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Abstract 



The notions of Galois and cleft extensions are generalized for coquasi-Hopf algebras. It is shown that 
such an extension over a coquasi-Hopf algebra is cleft if and only if it is Galois and has the normal basis 
ri , property. A Schneider type theorem ([33]) is proven for coquasi-Hopf algebras with bijective antipode. 

As an application, we generalize Schauenburg's bialgebroid construction for coquasi-Hopf algebras. 

1 Introduction 



h>. ■ The study of Hopf Galois extensions started last century with the papers of Chase, Harrison and Rosen- 

^^Q ' berg (|15j) and of Chase and Sweedler f [16|V Later, their definition was improved by Kreimer and Takeuchi 

'sj" . ([13]) and knew since a continuous development, mainly because their relation to different areas of math- 

ematics. But in the last decade, examples of extensions which were not Galois but behaved like such had 
appeared. An explanation was necessary, and it became soon clear that this was possible only by general- 
'nT ' ization. The replacement of the Hopf algebra by a coalgebra (or more generally by a coring) has led to the 

^^ . notion of a Galois extension by a coalgebra, first formulated by Brzezinski and Hajac ([S]). Another gen- 

^— s ' eralization was obtained considering Galois extensions over a coacting bialgebroid (over a non-commutative 

ground ring) ([H], [5]). 

All structures cited above are generalizations of bialgebras or Hopf algebras. Another such objects are 
^ . the (co)quasi-Hopf algebras. They have been introduced by Drinfeld (tlE,), respectively by Majid ([H]) and 

?—( ' have lately attracted much attention in both mathematics and physics ([3], [IS]). So it is natural to see if it 

is possible to generalize the Galois theory also to the case of coquasi-Hopf algebras. 

The definition of a coquasi-Hopf algebra H ensures that the category of right if-comodules A^^ is 
monoidal, with usual tensor product over the base field. The difference between a coquasi-Hopf algebra and 
a Hopf algebra is that the associativity of tensor product in the monoidal category does not coincide with 
the usual associativity of tensor product in the category of vector spaces. Consequently, the multiplication 
of a coquasi-Hopf algebra is no longer associative, but associative up to conjugation by an invertible element 
uj S {H ® 7? (g) H)* (the reassociator). But is this main feature of coquasi-Hopf algebras, namely the 
monoidallity of corepresentations, which made possible generalizations of major properties from Hopf algebras 
(the existence and uniqueness of integrals, the Nichols-Zoeller Theorem, construction of the Drinfeld double, 
etc.). Hence it seems natural to continue with the Galois theory for coquasi-Hopf algebras. 
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The present paper begins with a short review of the known results about coquasi-Hopf algebras, their 
categories of comodules and about algebras and modules within these nionoidal categories mentioned above. 
As for Hopf algebras, to each right comodule algebra A (which is an algebra in the nionoidal category 
of right comodules) one can assign a pair of adjoint functors, namely the functor of coinvariants and the 
induced functor. Our purpose is to generalize their well-known properties from Hopf algebras to coquasi-Hopf 
algebras. 

In the second part it is defined the notion of Galois extension. A right comodule algebra A is a Galois 
extension over its coinvariants ring A'^" (which is associative, although A fails to be) if a certain map is 
bijective. This is a natural generalization of the author's previous paper ( 6 ), where only finite dimensional 
quasi-Hopf algebras were considered. It should be noticed that this definition for Galois extensions works 
only for coquasi-Hopf algebras, as it involves the presence of the antipode. Although this may look restrictive, 
we shall see that this definition for the Galois map allows us to recover all principal results from the classical 
Hopf-Galois theory. A Galois extension is invariant to any gauge transformation. As an example of Galois 
extension, we take a group algebra, and view it as a coquasi-Hopf algebra by a 3-cocycle. Then a comodule 
algebra is a graded space with a multiplication non-necessarily associative, which is Galois over its invariants 
if and only if it is strongly graded. This was known from long time for Hopf algebras ([35]). Moreover, any 
crossed product ([5]) coming from an associative algebra endowed with a 2-cocycle and a weak action is also 
a Galois extension. 

Recall that in the Hopf algebra case, the functor of coinvariants is a Horn functor, and the Galois map 
is just the evaluation for a certain relative Hopf module. We show that these results, slightly modified by 
the presence of a twist, hold also in the coquasi-case. We give thus an explanation for the formula of the 
Galois map from Definition [51 Although the results are the same, it is much more difficult to obtain them. 
The structure of the relative Hopf module A ^ H (which is the link between the Galois map can and the 

adjunction of categories Mb ^ -^a) ^^ ^°^ obvious. The classical formulas do not work anymore, and 

an isomorphism is required in order to get the desired structure by transport. 

We introduce next the notion of a cleft extension. As this involves the convolution product (which is no 
longer associative), the invertibility of the cleaving map has to be translated now in relations (|3.8p . (|3.9[) 
involving the antipode and the linear maps a, (3. 

As a generalization of theorems of Doi and Takeuchi ( [17] ) , and Blattner and Montgomery ( [7] ) , we obtain 
the first main result of this paper, namely the equivalence between cleft extensions, and Galois extensions 
with the normal basis property. 

The second main part of this section concerns the equivalence between the category of relative Hopf 
modules and modules over the subalgebra of coinvariants. It starts with an analogue of the Schneider's 
imprimitivity theorem of [33j . A key problem in the proof is how to show that the bijectivity of the Galois 
map implies the bijectivity of the corresponding map for any relative right (A, _ff )-Hopf module. As A is 
not an associative algebra, this is not obvious and requires some special considerations about the tensor 
product over the algebra A in the monoidal category of right comodules (Lemma \29\i . The proof of the 
theorem uses the Five Lemma applied twice to some commutative diagrams, but unlike the Hopf algebra 
case, the commutativity of those is not an easy fact and requires special attention care when dealing with 
the reassociator to and of the elements a and f3 (from the definition of the antipode) . 

Next, we prove a coquasi-version of the affineness criteria for affine algebraic groups schemes, where 
the surjectivity of the Galois map of the extension is related to relative injectivity of the i/-comodule A 
and to the equivalence between the category of relative Hopf modules and modules over the subalgebra of 
coinvariants. 

In the last section, we generalize Schauenburg's bialgebroid construction. This is an illustration of how 
the Galois theory, combined with monoidally arguments can raise to new structures. 



2 Preliminaries 

In this section we recall some definitions and results and fix notations. Throughout the paper we work 
over some base field k. Tensor products, algebras, linear spaces, etc. will be over k. Unadorned (E) means 
(Xifc. We shall use dots to indicate the module or comodule structure on the tensor product. An introduction 
to the study of quasi-bialgebras and quasi-Hopf algebras and their duals (coquasi-bialgebras, respectively 
coquasi-Hopf algebras) can be found in [25] . A good reference for monoidal categories is [22] , while actions 
of monoidal categories are exposed in [5H] , [53] ■ 

Definition 1. A coquasi-bialgebra (iJ, ?ti, u, w, A, e) is a coassociative coalgebra {H,A,e) together with 

coalgebra morphisms: the multiplication m : H ® H > H (denoted m{h (Ei g) — hg), the unit u : k — > H 

(denoted u(l) = Ih), and a convolution invertihle element to £ [H ® H ® H)* such that: 

hi{giki)uj{h2,g2,k2) = oj{hi,gi,ki){h2g2)k2 (2.1) 

iHh = HIh = h (2.2) 

uj(hi,gi,kili)LL:(h2g2,k2,l2) = u}{gi,ki,li)uj{hi, g2k2,l2)^{h2, gs,^) (2.3) 

Luih,lH,9) = e{h)e{g) (2.4) 

hold for all h, g,k,l £ H . 

As a consequence, we have also w{1h, h, g) = uj{h, g, Ih) = e{h)e{g) for each g,h £ H. 

Definition 2. A coquasi-Hopf algebra is a coquasi-bialgebra H endowed with a coalgebra antihomomor- 
phism S : H — > H (the antipode) and with elements a, /3 £ H* satisfying 

S{hi)a{h2)h3 = aih)lH (2.5) 

h,P{h2)S{h3) = f3{h)lH (2.6) 

w{hi(3{h2),S{h3),a{hi)h5) = cu-\S{h,),a{h2)h3P{h4),S{h5))^e{h) (2.7) 

for all h G H. 

These relations imply also S{Ih) = Iff and a(lff)/3(lff) = 1, so by rescaling a and (3, we may assume 
that a(l_f/) = 1 and P{Ih) = 1- The antipode is unique up to a convolution invertible element U G H*: if 
(S",a',/3 ) is another triple with the above properties, then according to [25j we have 

S'ih) = U{h,)Sih2)U-Hhs), a'ih) = U{h,)a{h2), P' {h) ^ P{h^)U-\h2) (2.8) 

for aU h e H. 

We shall use in this paper the monoidal structure of the right 7J-comodule category A4^ and of the left 
iJ-comodule category ^A4: the tensor product is over the base field and the comodule structure (left or 
right) of the tensor product is the codiagonal one. The reassociators are 

(t>u,v,w ■■ {U(g)V)(g)W — >U^{V(g)W) 
(f'uy.wii'^'^'") ®'w) = uo^ {vo^wo)uj{ui,vi,wi) 

ioTueU,veV,weW and U,V,W e M^ , respectively 

(t>u,v,w ■■ iU(g)V)(g)W — >U^{V(g)W) 
'/';7,y,iv(("® ^) ® "w^) = uj^^{u-i,v^i,w^i)uo'S) (vo^wo) 
ioTueU,veV,weW and U,V,W e "M. 



Together with a coquasi-Hopf algebra with bijective antipode H = {H, A, e, to, 1//, w, S*, a, /?) , we also have 
H°P, H'^°P, and H°P''^°'p as coquasi-Hopf algebras, where "op" means opposite multiplication and "cop" means 
opposite comultiplication. The coquasi-Hopf structures are obtained by putting LOcop = w~^, oJop = (w~^)^^^, 

^Op^COp ^ ; 'Jop '^COp ['Jop.COp) *^ j ^COp P*-^ j ^Op ^'J j ^Op.COp P; H COp ^'^ ' 

Pop = PS-^ and (iop.cop = "■ Here Lo^'^^{h,g, k) = uj{k,g, h). 

For H a coquasi-bialgebra, the linear dual H* = Hom{H,k) becomes an associative algebra with multi- 
plication given by the convolution product 

ih*g*){h) = h*{hi)g*{h2) VheH ^l h*,g*eH* (2.9) 

and unit e. This algebra is acting on H by the formulas: 

h* ^h^hih*{h2), h^h* ^h*{hi)h2 (2.10) 

for any h* e H* , h e H . 

Now, recall from [57j the following: for r G (H eg) H)* a convolution invertible map such that t(1, h) = 
T(h, 1) = e{h) for all h d H (t is called a twist or a gauge transformation), one can define a new structure 
of coquasi-Hopf algebra on H, denoted Hr, by taking 

/^■r.9 = T{hi,gi)h2g2T~^{h3,g3) (2.11) 

u}r{h,g,k) ^ T{gi,ki)T{hi,g2k2)u;{h2,g3,k3)T^'^{h3g4,k4)T^^{h4,g5) (2.12) 

ar{h) = T-\S{h4),a{h2)h3) (2.13) 

f3,{h) - Tih,P{h2),Sih3)) (2.14) 

for all h,g,kE H, and keeping the unit, the comultiplication, the counit and the antipode unchanged. 

Remark 3. There is a monoidal isomorphism A4^ ^ A4 ^^' which is the identity on objects and on nior- 
phisms, with monoidal structure given by V (S)W — > V ® W, v (^ w — > vq ® wot^^{vi, wi), where v € V, 
weW andV, W gM". 

In m, it was constructed a twist /e {H(E)H)* which controls how far is S from a anti-algebra morphism: 

f (/ii, <?i)5(/i2.g2) = S{gi)S{hi)i{h2,g2) (2.15) 

If we denote 

p{h,g) = uj{S{g2),S{h2),h4)uj^'^{S{gi)S{hi),h5,g4)a{h3)a{g3) (2.16) 

q(h,g) = Lu{h4guS{g5),S{h4))uj-Hh2,g2,S{g4))P{h3)(3{g3) (2.17) 

then the twist f is given by 

f{h,g) =uj^^{S{gi)S{hi),h3g3,S{h5g5))p{h2,g2)P{h4g4) 

We have also that 

f{h,,g,)aih2g2) = p{h,g) (2.18) 

P{h,g,)t^~'Hh2,g2) = qih,g) (2.19) 

p{h4,S{h3))l3ih2) = aS{h) (2.20) 

i{hi,S{h3))l3{h2) = aS{h) (2.21) 

f^-'\S-\g4),S-\h,))u;-\g4,aS-\g3)S-\g2),S-'{h2)) = f (55, ^"'(Mi)) (2.22) 

w^(ft.2, 52/3(53), <5'(54)) 



where in the last formula we assumed the bijectivity of the antipode. Relations (|2.18p and (|2.19p are from 
[15], (|2.20p is an easy consequence of the formula of p, (|2.2ip follows immediately from (|2.20p . while for 
(|2.22p we use (I2.12p and the fact that the associator ujf for the twisted coquasi-bialgebra H{ is ujf{h,g, k) — 
uj{S{k), S{g), S{h)), \/ h,g,k ^ H. If the antipode is bijective, then by passing from H to H"p we obtain a 
new twist f e {H (g) H)* |12J, given by 

l{h,g)^{{S-\g),S-\h)) (2.23) 

which satisfies 

f(/ii,<7i)5-i(M2) = S-\g,)S-'{h^)l{h2,g2) (2.24) 

for any h,g E H. The corresponding reassociator will be ujj{h,g, k) — uj{S^^(k), S~^{g), S^^{h)). This twist 
will appear later. 

Definition 4. (\13^ ) A right H-comodule algebra A is an algebra in the monoidal category A4^ . This means 
{A, pj^) is a right H-comodule, we have a multiplication map niA : A (i) A — > A, denoted m^(o (Ei b) = ab, 
for a,b £ A, and a unit map ua ■ Ik — > A, where we put Myi(l) = Ia? which are both H-colinear, such that 

{ab)c = ao{bQCo)uj{ai,bi,ci) (2.25) 

holds for any a,b,c £ A. 

Similarly we may define a left iif-comodule algebra as an algebra in ^A4. Notice that A is a right 
_ff-comodule algebra if and only if A°p is a left i/°P''^°P-comodule algebra. 

Definition 5. (U3\/ ) For A a right H-comodule algebra, we may define the notion of right module over A 
in the category Ai^ . Explicitly, this is a right H-comodule (M, p^), endowed with a right A-action, denoted 
Pj^,j{m,a) = ma, such that 

{ma)b ~ mQ{aobo)uj{mi,ai,bi) 
m\A — rn 
Pi^j{ma) — TTioflo miai 

hold for all m £ M , a,b £ A. The category of such objects, with morphisms the right H-colinear maps which 
respect the A-action, is called the category of relative right {H,A)-Hopf modules and denoted A4a- 

In the same way, we may define the category of left relative Hopf modules aM.^ for A a right iJ-comodule 
algebra. If ^ is a left i/-comodule algebra we can define similarly the categories ^A^ and ^ Ma- For later 
use, remark that the following categories are isomorphic: 

f X ~ Mfor"" (2.26) 

for any A a left i/-comodule algebra f[13j). 
Remark 6. It was proven in flSf that if t is a twist on H, then the formula 

a-rb = aoboT-\ai,bi) (2.27) 

for all a,b G A defines a new multiplication such that A, with this new multiplication (denoted A^-i) becomes 
a right Hr-comodule algebra. It is easy to see that the isomorphism of Remark\^ sends the algebra A of the 
monoidal category Ai^ exactly to the algebra A^-i in Ai^^ . But A4^ and Ai^^ are monoidally isomorphic, 
therefore the categories of right relative Hopf modules A4^ and Ai^iJ will also be isomorphic. 



Let ^ be a right iJ-comodule algebra. Consider the space of coinvariants 

B = A''"" = {aeA \p^{a) = a ® !« } 

It is immediate that this is an associative algebra with unit and multiplication induced by the unit and the 
multiplication of A. 

Now for each M e M^, denote M""" = {m G M\pj^j{m) = m ® Ih]- Then M""" becomes naturally a 
right i?-module, so we get the coinvariant functor 

Mf^ Mb 
Notice also the natural isomorphism 

Hom1[A, M) ~ M""" (2.28) 

for any M e M^. Conversely, for iV e A1_b, we have N ®b A E M'^ hy 

p{n®Ba) = n^B ao iS)ai 
(n®Ba)b — n®Bab 

As in the classical Hopf algebra case, we obtain the following: 

Proposition 7. The induced functor (— ) ®b ^ is a left adjoint for the functor of coinvariants {—Y°: 

{-)(SbA 

Mb ^ Mf 

Proof. Straightforward. For later use, we mention the adjunction morphisms: 

Em ■■ M""" (g)B A — > M, eM{m ®_b a) = ma 

UN : N > {N^bAY"", UAr(n) = n(g)B 1a 

for each N G A4b and M G M-^- Using the isomorphism form relation 12.281 we get that the counit of the 
adjunction is simply the evaluation. D 

Similarly we could define the left version of the adjunction between the induced and the coinvariant 

functor, namely Mb ^ A-M^ . 

In the next section we shall see necessary and sufficient conditions for these adjunctions to be equivalences. 

3 Galois extensions 

Let if be a coquasi-Hopf algebra with antipode S and A a right iJ-comodule algebra. Denote as before 
B = A™^. 

Definition 8. The extension B C A is {H, S)- Galois if the map cans : A ®b A — > A(^ H, given by 

a®Bb — > ao6o ® 64t^"^(ai, 61/3(62), S'(&3)) (3.1) 

is bijective. 

6 



Remark 9. (1) Although A is not an associative algebra, we still keep the expression "extension J5 C A". 
(2) Recall that for coquasi-Hopf algebras the antipode is unique up to conjugation to an invertible element. 
Therefore we need to check what is happening if we change S. Consider another triple (S", a' , (3 ) given by 
a convolution invertible element U G H* , as in (12.81). Then we have 



cans' (a (^Bb) = aQbo (^ u ^(ai, 5i/3'(62), S"(63))54 

= aobo ® u;-\ai,bil3ib2)U-\b3), U{bi)S{b^)U-\bf,))b7 
= a^ho ® uj-\ai,bif3{b2), S{b3))U-\b4)b5 

for every a,b € A. If we define the linear map ipjj : A® H — > A® H , a®h — > a ® C/(/ii)/i2, it is easy to 
see that this is bijective with inverse a®h — > a ® U~^{hi)h2 and that cans' — ipu ° cans; therefore the two 
Galois maps will be simultaneously bijective. In the sequel, we shall fix the antipode S and the elements a, 
/?, such that a(l) = P{1) = 1, and write simply can. 

In case of a Hopf algebra, the coassociator lu and the linear map f3 vanish, and we recover the usual 
definition of the Galois map. But unlike the Hopf case, notice this time the presence of the antipode in 
the formula of can, which implies that this definition is possible only for coquasi-Hopf algebras, not also 
for coquasi-bialgebras. However, we shall see that this definition for the Galois map allows us to recover all 
principal results from the classical Hopf-Galois theory. In [26], Masuoka uses the classical definition of the 
can map, a (^b b — > abo (Eibi, to show that a certain extension is Galois over a given coquasi-Hopf algebra 
(which is a bicrossed product associated to some cocyle data). It is only a matter of computation to see 
that in the quoted case, the formula (|3.ip reduces to a (S>b b — > abo (E) 6i. Therefore [26] provides us a first 
example of a non-trivial Galois extension over a coquasi-Hopf algebra. 

Example 10. (p]) Let G be any group and oj : G x G x G — > k an invertible normalized cocycle. The the 
usual group algebra H — kG becomes a coquasi-Hopf algebra by keeping the ordinary operations, but with 
coassociator w (linearly extended to kG^'^) and linear maps a = e and /3 given by (3{g) = uj~^{g,g~-^,g), 
for any g ^ G. As the coalgebra structure is not modified, a kG-coaction means precisely a G-graduation. 
Therefore, the notion of an iJ-comodule algebra becomes in this case: a G-graded vector space A — (Bg^cAg, 
endowed with a unit and a multiplication " • " : A (g) A —* A such that AgA^ C Agh for all g,h ^ G, and 
associative in the sense that 

{a ■ b) ■ c = a ■ {b ■ c)Lu{\a\ , \b\ , |c|) 

for all homogeneous elements a,b,c G A. The coinvariants A'^°^ are exactly A^, where e is the neutral 
element of G. We have then the following: 

Proposition 11. The extension A^ ^ A is Galois (in the sense of Definition\^ if and only if it is strongly 
graded. 

Proof. Notice first that A is strongly graded ■<==> AgAg-i = A^ for any g ^ G. One inclusion is obvious, and 
for the other we shall use the associativity rule of A: 

Agh C AghAe C Agh{Ah-iAh) - {AghA,,-i)Ay,Lu-\gh,h~\h) 

c AgAhUj^^igh,h~^,h) cAgAh 

Now the proof follows as in the Hopf case. D 

This result generalizes the Ulbrich's well-known example in the Hopf algebra case ([35]), and it is the 
first confirmation of the fact that our definition of a Galois extension is the correct one. 



Example 12. Another example of Galois extension can be found in [5]. Starting from a coquasi-Hopf 
algebra H and an associative algebra R endowed with an iJ-weak action and a 2-cocycle a : H ® H — > R, 
we can construct the crossed product R^^H , generalizing the Hopf case. This is a Galois extension of R in 
the sense of Definition [5] Also, the Galois extension mentioned above from [55] is precisely a particular case 
of our crossed product construction. 

Now, remember that a Hopf algebra H can be seen as a right i?-comodule algebra via A and usual 
multiplication. The coinvariants are kl/f ~ k. Moreover, this extension is iJ-Galois (by [2^) (actually, 
any bialgebra _ff is a comodule algebra in this way, and it is a Hopf algebra if and only if it is Galois). 
Now, working with a coquasi-Hopf algebra H still gives us a right comodule, but no longer an algebra in 
the monoidal category M^ with the usual multiplication. If we try to deform the multiplication on H via 
a twist r as in (|2.27p . then (_ff, •,-, A) is a right iJ-comodule algebra if and only if u)r is trivial, i.e. Hr 
is a Hopf algebra. It is unclear to the author for the moment which multiplication structure should be 
defined on H such that we get a right iJ-comodule algebra, which in the Hopf case should reduce to ordinary 
multiplication. Moreover, this new multiplication should provide an example of Galois extension k C iJ. 

Remark 13. Let H a coquasi-Hopf algebra with bijective antipode and A a right iJ-comodule algebra. 
Notice that M^ ^^ M as monoidal categories. Using also the isomorphism from ()2.26p . it follows that 
aM.^ — M^op for A a right i7-comodule algebra. For completeness, we remark that the corresponding 
Galois map for i7°P-extension 5°^ C A°p will be 

can' {a ®b b) = aobo a4ijj{S^^ {a3)pS^^ {a2), ai, 5i) (3.2) 

Then we get: 

Lemma 14. The map can' is bijective if and only if can is bijective. 

Proof Consider the map S : A®H — > A07J, E{a'S>h) = ao(8)a35'(/ii)w"^(/i3, 02/3(03), S'(a4))f(/i2, S'"^(ai))- 
Then S o can — can' . Also one may check that S is bijective, with inverse given by 

5-i(a ® /i) = ao S-\hi)a5i-\S-\h2),a4)Lu{ai(3{a2), ^(03), ^13) 

Notice that in the case of a Hopf algebra the map can' reduces to the usual formula a ®s b — a^b (E>b oi- CH 

Remark 15. If ^ is a right i/-comodule algebra and r a twist for H, we may consider the twisted comodule 
algebra A^.-! as in Remark[6] The comodule structure being the same, A and A^-i will have same coinvariants 
B (but over different coquasi-Hopf algebras). Then we have the following: 

Proposition 16. The extension B C A is H -Galois if and only if B Q A^-i is Hr-Galois. 
Proof. The canonical Galois map for the extension B C A.,--i is 

canr{a®Bb) = a^ -rba® Lj:^^{ai,bi[3.^{b2), S{b^))bi 
(ESZD, (EUD, (I2I3 = aQboT-\aiM)®T{a2M)T{a^b^.S{bi^))Lo-\aiM,S{bi2)) 

T-\a5,b5S{bii))T-\be, Sibio))bi4T{b7(3{bs), 5(69)) 
= aobo®T{aibi,S{b5))uj-\a2,b2,P{b3)S{bi))b6 (3.3) 

for any a,b E A. Consider now the linear map 

■d : A®H — > A(g,H,i3{a®h) = ao(S' h2T{ai,S{hi)) (3.4) 

It is easy to check that i9 is bijective, with inverse ^~ (a €5 /i) = oq 18) h2T~^{ai, S{hi)). Then the following 
relation hold: can^ = 1} o can, which tells us that both extensions will be simultaneously Galois. D 



It follows from the previous Remark that if iJ is a Hopf algebra and _B C A is a iJ-Galois extension in 
the classical sense, then for any nontrivial twist r e (iJ(E)7J)*, the extension B C A^~i will be _ffr-Galois in 
the sense of our Definition. Hence all known examples of Hopf-Galois extensions fit in our picture. 

Example 17. Again, let G a group and t : G x G — > k an invertible normalized map. Then H ~ kG is 
a Hopf algebra and A = kG is an i/-comodule algebra via comultiplication. Using the twist obtained by 
extending t, it follows that H^- is a coquasi-Hopf algebra and A^.-! an iJ^-comodule algebra. According to 
Remark [T5| A^-i will be a Galois extension of k. In particular, taking G — (Z2)", it follows that all Cayley 
algebras (as in [1]) are Galois extensions over a coquasi-Hopf algebra. 

Remark 18. In the Hopf algebra case, the Galois map arises naturally as the evaluation map Hom^(A, A(E) 
H) (^B A — > A® H ^ from the adjunction between the induced and the coinvariant functor, applied to the 
relative Hopf module A, (g) 7J*. We shall see that a similar result holds here, explaining thus the formula 
chosen for can. We need first some work. For the beginning, it is not obvious which (if, A)-Hopf module 
structure can be defined on A eg) 7J to generalize the one in the Hopf case. We shall assume that the antipode 
of H is bijective, and obtaining the following: 



Lemma 19. 


The map 


Tl 


: H'®A' — >A®H*, 


h®a 


— > oq (g) uj{hi,a3, aS^^ {a2)S^^ {ai))h2ai 



is a right H-comodule isomorphism, where H ® A is a comodule via the codiagonal structure (i.e. Ph^aI^'^ 
a) — hi >S> ao (i) h2ai) and A® H has the induced comodule structure from the one of H . 

Proof. The inverse for 77 is given by 77""'^ (a g) ft,) ~ hiS^^{a4) (^ aaU!^^{h2, S^^{a3)pS~^{a2),ai). D 

Corollary 20. Via the previous isomorphism. A® H becomes a right A-module in A4 . 

Proof. As iJ is a right i7-comodule via A, H* g) A* is naturally the right A-module induced in Ji4^ , with 
structures 

PH^A^h® a) = /ii g) ao g) ^201 

{h®a)b ~ hi^ aobaUj{h2,ai,bi) 

for all h ^ H, a,b ^ A. Using r/, the A-module structure can be transferred on A g) iJ. Let's see how the 
multiplication formula with elements of A looks like: 

(ag)/i)g)6 — > [/iiS'~^(a4)(gaocj"^(/i2,S'~^(a3)/3S'"\a2),ai)]6 

= hiS^^{ae) g) aobou;{h2S~^{a5),ai,bi)u!^^{h3,S^^{a4)/3S^^{a3),a2) 
^M, (EH) = hiS-\ae) ® aoboio-^{h2, ^"'(as), aibi)u;{S-\a4), 02, b2)f3S^\a3) 
— > aQbo (g> [h2S~^ {aio)]{a4b4) 

w(/iiS'"^(aii), 0363, Q;S'"^(a262)5'"^(ai6i)) 
w"^(/i3, S^'^{ag),a5b5)uj{S^'^{as), ae,be)/3S~^{aj) 
dUD, dUD, dUD = ao&o«)/i3&6w(S'^^(a7),a5,65)w-i(/i2,S'"^(a8),a464) 
ij{hiS-^{ag),a3b3, S-\aibi))aS-\a2b2)PS-^{a6) 
(El]), (E^l) = a„bo(E)h2b7Lo{S-\aio),a4b4,S-\a2b2))to{hi,S-^{ag){a5b5), 

S^^ {aibi))uj{S^'^ (as), ae, bG)aS~'^ {a3b3)pS~^ (ar) 
(USD, dSlD = aobo®h2b7Uj{S-^{as),a4b4,S-\a2b2))cjiS-\a7),a5,b5) 



uj{hi,be,S ^{aibi))aS ^{a3b3)l3S ^(ag) 

Therefore, we have 

(a h)b = aobo (8) h2b7Uj{S~^{as), a^bi, aS'""^ (0363)6'"^ (a262))w(/3S'~"^(a6)S'^^ (ay), as, 65) 

a;(/ii,56,5-i(ai6i)) (3.5) 

for any h € H, a,b G A. Seems to be comphcated, but in the Hopf algebra case it simply reduces to 
{a(E) h)b = abo (g) hbi. D 

We come back now to the counit of the adjunction, applied to the Hopf module A(^ H. The coinvariants 
are {A (g) HY°^ — A ® kl// ~ A, as the coaction takes place only on the second component and k is a 
commutative field. Hence 

EA^H ■■ A(E)bA — > A(^H 
£A®H{a®Bb) = aobo(i^b5Uj(S^^{a7),a:ib^,aS~^{a2b2)S~^{aibi)) 
LL!{f3S^'^{a5)S^^{ae), a4, 64) 
(|2:24ll = aobo®b7Lu{S-\a9),a5b5,S-\b2)S-\a2))LuiS-\a8),ae,b6) 
a{S-'{b^)S-\a:,))pS-Ha7)f^^'HS~'{h),S~\a,)) 
nS-\b4),S-\a4)) 
^M,^M = anbo(E)bioi^-^HS~^bi),S~\ai))(3S-\ag)aS-\b5)aS-\a4) 
Loia^^be, S-\b4))Lu-'{aebr, S-^b^), S-\a,)) 
U!{S~^ (ail), arbs, S^^ {b2)S^^ {a2))u;iS'^ (aw), as,bg) 
(lOl) . (ITTIl . (1231) . dH]) = aobo (» 5iof^-'H5-i(fei), 5-i(ai))/35-i(a9)a^-i(65)a5~i(a4) 

w(S'"^(ai2), 05, S'"^(a3))w(a6, fee, 5'"^(54)) 
w(S'~-^(aii), 0767, S'"^(63))ci;(S'"-^(aio), as, bs) 
u;-\b,,S-\b2),S-\a2)) 
(ESI), dm, dm, (HH) = aofoo®^5f^"'^(^~'(6i),^"'(ai))a5^'(63) 

u;{b4,S-\b2),S-\a2)) 
dM3 = aofco®fc6f(65,5"'(aifci)V"'(a2,62/3(&3),^(64)) (3.6) 

But according to (|3.3p . this is precisely canj, the Galois map twisted by f , where the twist f was introduced 
in relation (|2.23p . From the Remark [15] it follows that: 

Corollary 21. The bijectivity oj Ea^h implies that B (- A is Galois. 

Remark 22. We could had used formula 13.61 as an alternative Galois map, but we preferred the formula 
from Definition [8] to avoid the presence of the twist and simplify computations. 

We shall further need some properties of the Galois map, analogs to those in [34] : 

Proposition 23. The morphism can satisfies the following: 

(1) It is right H-colinear, where the right comodule structure on both spaces is given from the second 
tensorand. 

(2) For any a G A, can{l ®b a) — ao ® (3{ai)a2. 

(3) It is also right H-colinear, but with respect to the following coactions: p{a ®b b) = aq ®b b ® ai, for 
a ®B b G A ®B A, respectively p{a Cg) /i) = ao ® /12 55 aiS{hi), where a®hGA®H. 
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(4) If can is bijective, then 

(c® lif)can~"^(d® h) — can^^{codo (8) h2)uj~^{ci,di,S{hi)) 

for any c,d E A, h €z H . 

(5) If the extension is Galois, denote can^^{lA (E) h) —^^ h{h) (^b ftih). Then 

i 

(5.1) Y.h{hi) ®B n{hi) (^ h2 = J2k{h) (g)B n{h)o (g) n{h)i. 

(5.2)J:k{h)n{h)^a{h)lA. 

i 

(5.3) J2 hih)o ^B r,{h) ® k{h)i = J2 h{h2) ®b n{h2) S{hi). 

i i 

(5.4) J2 aoP{ai)li{a2) ®s ^(02) = U (8>B a. 

i 

(5.5) Y^^ii^a) ®Bri{hg) = Yji^'^{hi,gi)li{g2)lj{h2) ®b rj{h2)ri{g2) 

i i,j 

for all h, g E H , a E A. 

(6)The map can' from Remark \13\ is also right H-colinear, where the right comodule structure on A(E)bA 
is given from the first tensorand, and A® H is a right H-comodule via Ia ^ A. 

Proof. (1) We have 

(/ (g) A)can(a ®B &) = ao&o ® w"^(ai, 61/3(62), 5'(63))64 'X' &5 
— can{a (®b bo) ® 61 

(2) Obvious. 

(3) Remark first that p and p are indeed right iJ-comodule structures. Then, for any a,b € A, we compute 

pcan{a®Bb) = p(ao6o ® Ci;^"^(ai, 61/3(62), 5(63)64) 

= ao6o 66 (g) (0161)5(65)^-^(02, 62/3(63), 5(64)) 

(EU ^ ao6o® 66 ®a2(625(64))w-i(ai, 61/3(63), 5(65)) 

= aobo (8)64 (g)a2W-^(ai, 61/3(62), 5(63)) 

= {can® lH){a-o®Bb®ai) 

— {can (g) lH)p{a- ®b 6) 

(4) We get that 

can{ca®Bb) = (coao)6o u;--^(ciai, 61/3(62), 5(63))64 

= (coao)^o ® tj-^(ci, ai, 6i)w~^(c2, 0262, 5(66)1)^^^(03, 63, 5(66)2) 

ti;(c3, a4, biS{be)3,)l3{b^)bj 
= (coao)6o ® cj-^(ci, ai, 6i)tj~^(c2, 0262, 5(68))t^"^(a3, 63, 5(67)) 

cj(c3, 04, 64/3 (65) 5 (66)) 69 
= (coOo)6o ® w"^(ci, ai, 6i)w-\c2, 0262, 5(66))a;-^(a3, 63, S{b^))l3{bi)bj 
= co(ao6o) ® a;"^(ci, ai6i, 5(65))w~^(a2, 62, S{bi))f3{bs)b(i 

for any a,b,c E A. Now, if we denote can~^{d ® h) — J2 '^i ®s ^i, then 

i 

{Pa ® A){d® h) = ^aio6jo ® aii6ii ® cj~^(aj2, 6^2/3(613), 5(6i4))6i5 ® bm 
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Using this, we easily deduce that 

can{c ■ can~ {d h)) — can(y cai ®b bi) 

i 

= co(aio6io) ® Lu^^{ci,aiihii,S(hi^))uj~'^{ai2,bi2, S(hii))l3(ha)bi(, 
= codou;^^{ci,di,S{hi)) ®h2 

(5.1) It follows from (1). 

(5.2) We shall check first the formula: 

^;,(/i)ri(/i) = {Ia (g) e){h{h)ari{h)Q ® Lu{k{h)in{h)i, Sin{h)e), airi{h)7)n{h)a) 

i 

uj-Hh{h)2,n{hh(3{n{h)3),S{n(h)4))n{h)5) 

The left hand side can be also written as: 

^(/a £)ik{h)ori{h)o ® Lu{k{h)in{h)i,S{n{h)e), a{n{h)j)n{h)s) 

i 

uj-\h{h)2,n{h)2f3{n{hh),S{n{hU))n{h)5 

= y^Ji{h)on{h)oU!{li{h)iri{h)i, S{ri{h)5), a{n{h)e)ri{h)r) 

i 

uj-Hh{h)2,n{h)2(3{n(h)3),S{n{h)4)) 

(E3l) = ^^.(/l)on(/l)oC^"'(^.(Ml,n(Ml,^(^^W5)ir.(M7jc^(n(M2,^(r.(M5)2,r,(/l)7j 

i 

a{ri{h)(i)(i{ri{h)i)uj{li{h)2,r.i{h)3S{ri{h)z),ri{h)j^) 
= y^Jt{h)n{h)oUj{ri{h)i,S{ri{h)3),ri{h)5)a{ri{h)4)l3{ri{h)2) 

■i 
i 
i 

But Ylh{h)ori{h)o (g) uj~'^{li{h)i,ri{h)ii3{ri{h)2), S{ri{h)3))n{h)4 = 1^ ® /i, therefore 

i 

^k{h)ri{h) = {lA<ge)(lA<E)hiUj{lH,S{h2),a{h3)h4)) 

i 

= lyia(^) 

(5.3) It results from (3). 

(5.4) We compute 

canC^aoPiai)k{a2) (E>Bri{a2)) = [00/3(02)^1(03)0] ^(03)0 «) rj(o3)4 

i 

LO^^ {aikia3)i,n{a3)il3in{a3)2), S{ri{a3)3) 
= flo [li{a4)Qn{a4)o]Pia3)u!{aiJi{a4)i,n{a4)i) ® ri(a4)5 

t^^^ {a2hia4)2,n{a4)2/3inia4)3), S{ri{a4)4) 
= oo [li{a4)on{a4)o] /^(aa) 'S> n{a4)8 
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uj^^ {li{a4)2,ri{ai)2, S{ri{a4)e)) 
w(a2, ^1(04)3, ri{a4)3S{ri{a4)5) 
= ao [h{a3)oriia3)o] /3(a2) (8) ^(03)6 
w"^(ai,Zi(a3)in(a3)i, 5(^(03)5)) 
t^"^(^i(a3)2,7-i(a3)2,5'(rj(a3)4))/3(rj(a3)3) 

= 00/3(02)1^1 '8'a4w"^(ai,l//,'S'(a3)) 
= ao/3(ai) (8)02 
= can(l^ (g)B a) 

(5.5) It is a consequence of the previous properties of can and of the properties (|2.15p - (|2.22p of the twist 
f. 

(6) Easy. D 

Remark 24. As a consequence of Provosition l^W S). and \23\f l). we obtain that can is a morphism of left 
Hopf modules, where ,A' ®b A is an object in a-M^ with structures given by the first tensorand, while 
,A' (^ H^'' is the induced module in a-M^ ■ Here H^'* is the right comodule structure of H deformed by the 
antipode S (i.e. ,A* (g) H •* is a left Hopf module with structure morphisms a®h — > 000/12® aiS{hi), 
a{b (S) h) = aoba ® /i2(jJ~^(oi, 61, S{hi)). 

Definition 25. Let A a right H-comodule algebra and 7 : H — > A a colinear map. The extension B C A 
is [H, S)-cleft with respect to the cleaving map 7 if there is a linear map S^^s '■ H — > A such that 

piSj,sih)) = S^,s{h2) ® S{hi) (3.7) 

S^,s{hih{h2) = a{h)lA (3.8) 

-f{hi)p{h2)6^,s{h3) = e{h)lA (3.9) 

Remark 26. (1) This definition of deftness is shghtly diff'erent from the classical one. In the Hopf case, it 
is only required that 7 is convolution invertible (denote by S the convolution inverse of 7) and _ff-colinear. 
The property (j3.7p appears naturally by passing from a bialgebra to a Hopf algebra. Unfortunately, in our 
case the convolution product on Hom{H, A) is no longer associative, therefore a left inverse for 7 is not 
necessarily a right inverse and the property p.7p does not seem to result from the other properties of 7. So 
we had to state it separately. 

(2) For a cleft comodule algebra A, the application 5^^s depends on the antipode. If we change it to 
(S", a', /3') as in (|2.8p and define 5^^s'{h) — U{hi)5^_s{h2), then it follows immediately that A is also (if, S')- 
cleft. In the sequel, we shall drop the subscripts for simplicity, considering the antipode and the elements a, 
(3 fixed once for all. 

Recall that the "normal basis property" states that there is an isomorphism of left i?- modules, right H- 
comodules A ~ ,i? ® H' , where the dots are indicating the corresponding structures for the tensor product. 
We shall keep the same definition for coquasi-Hopf algebras, as nothing is changed. 

Theorem 27. Let H be a coquasi-Hopf algebra with bijective antipode, A a right H-comodule algebra with 
B the subalgebra of coinvariants. Then the following statements are equivalent: 

(1) The extension B Q A is H-cleft; 

(2) The Weak Structure Theorem holds and the extension has the normal basis property; 

(3) The extension B C A is H -Galois and has the normal basis property. 

In this case, the categories Mb and M.^ are equivalent (the Strong Structure Theorem holds). 
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Proof. The proof of this theorem follows closely the original one for Hopf algebras, due to Doi and Takeuchi 
([17j). and Blattner and Montgomery ([7J), but we shall do the computations in detail, because of their 
degree of difficulty. 
(1) =^ (2) Define 

v:B®H — > A, v(b®h)^}ri{h) (3.10) 

It is obvious _B-linear. As 7 is iJ-colinear, v will also be. We need an inverse for v. We take 

i/~i(a) = ao(5(ai -^ /3) 0a2, a^A (3-11) 

We need to show first that it is well-defined. For all a S A, we have 



dSJl) = ao(5(a4)(X)ai/3(a2)S'(a3) 
= ao/3(ai)(5(a2) ® Ih 
= ao(5(ai ^P)®Ih (3.12) 

meaning that Imi^^^ Q B ® H . Let's check now that v and v~^ are indeed inverses to each other: for all 
a G j4, we compute 

{vov^'^)[a) — v{aQ5{ai "— fi) ® 02) 

= [aoS{ai ^ /3)]7(a2) 

= aa[S{a2 ^ /?)o7(a3)o]'^(ai,(5(a2 ^ /3)i, 7(03)1) 

= aa[S{a4)j{a5)]uj(ai, 8(03), ae)f3{a2) 

([5^ = aoUj{ai,S{a3),a5)P{a2)a{a4) 

= a (3.13) 

Conversely, for b ^ B and h ^ H we get 

iy-^ov{b®h) = iy-\b-f{h)) 

= b^{h)„S{{^{h),)^l3)(E,j{h)2 

= bj{hi)l3{h2)S{h3)'»hi 

(13:91) = b^h 



Hence the extension B C A has the normal basis property. It remains only to show the bijectivity of the 
adjunction counit from Proposition [T] For a Hopf module M G M-a^ define the map ijvf : M — > M by 
tM{iTi) — mo(5(mi ^- /?). Then we can see as in p.l2p that the image of tM is in M^°^ . Define now 
X : M — > M^°^ ®B A, x(™) = tAiimo) Os j{m-i)- Computing as in (|3.13p . we get that x is an inverse for 
£m- 

(2) => (3) It follows from Corollary ([2T|l . 

(3) => (1) Let V : B ® H — > A be the isomorphism given by the normal basis property. Define 
7(/i) = v{1a ®h). As i^ is iJ-colinear, 7 will also be. 

In order to get the second map 5, we need some work first. Consider the map F = {Ia®£)v^^ '■ A — > B. 
Then F is left i?-linear, as i^~^ is _B-linear, and 

F7(/i) = (/A®e)i/"V(lA®/i) 

= e{h)lA (3.14) 
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Now we may take S{h) — raA(lA ®b T)can ^{1 ® h) = ^ li{h)T{ri{h)), where niA is the muhiphcation 

i 

on A. We may then compute 

7(/ii)/3(/i2)'5(/i3) = -i{h{)mA{lA®BT)can'^{lA®P{h2)h:i) 
aA 
= niAilA 8)B T)['yihi)can-\lA ® /3(/i2)/i3)] 
(Proposition [^ = 771^(7^ ®b r)can"^(7(/ii)o «) Pih2)hi)uj-\-f{hi)i, 1, S'(/i3)) 
= mA(/A®sr)can-i(7(/ii)«)/3(/i2)/i3) 
(7 is cohnear) = rriAilA ®s ^)can^^{j{h)o ® P{"/{h)i)^{h)2) 
(Proposition [231) = mA(/A ®s r)(lA 05 7(/i)) 
= r7(/i) 
= eih)lA 
For the last formula, notice first that iJ-colinearity of ly implies 

= {lB'®e®lH){v-^®lH)PA 

= (r®/H)p^ (3.15) 

Now we may compute 

S{hi)j{h2) = [mA{lA'»B^)can-'^{lA®hi)]iy{lA<S>h2) 

= J2Uh,)r(n{hi))],y{iA<E)h2) 

(Proposition [231) = Yl^li{h)T{ri{h)o)]vilA® n{h)i) 
= ^?,(/i)[r(r,(/i)o)i^(lA®r,(/i)i)] 

i 

- ^?,(ft)z.(r(r,(/i)o®r,(ft)i) 

i 

dSISD = ^?,(/i)r,(/i) 

(Proposition [221) = o:{h)lA 

for all h e H. 

Finally, for any h G H we have 

PA^ih) — PA'mA{lA'iyiB^)can~^{lA® h) 

- P^(^/.(/7)r(r,(/7))) 

-i 

= ^?,(/i)or(r,(/i))®/,(/i)i 

i 

(Proposition [ini) = '^li{h2)T{ri{h2)) <» S{hi) 

i 

= 5{h2)®S{h,i) 



15 



For the remaining of the theorem, the proof is the same as in |17| . so we omit it. D 

We shall prove now an imprimitivity statement which is the analogue of Doi's and Takeuchi's theorem 
f[T5]) and Schneider's theorem ( 33J) for coquasi-Hopf algebras. 

Theorem 28. Let H be a coquasi-Hopf algebra with bijective antipode, A a right H-comodule algebra with 
B the algebra of coinvariants. Then the following are equivalent: 

(1) A is faithfully flat as a left B-module, and A is a Galois extension of B. 

(2) The functor of coinvariants and the induction functor are a pair of inverse equivalences between A4^ 
and Mb- 

Proof. (1) =^ (2) We need first a Lemma: 

Lemma 29. Let H be a coquasi-Hopf algebra and A a right comodule algebra. Then the Galois map can 

induces a natural right colinear morphism coum '■ M (E)b A' > M H' , canM{m ®s a) — niQao ® 

oj~^(mi,ail3{a2), S{a3))a4. If can is bijective, then can m is also bijective. 

Proof, (of the Lemma) The definition of cauM allows us to easily check its colinearity. The hard part is the 
proof of the naturality and of the bijcctivity of cauM- This is not obvious at all, because A is no longer an 
associative algebra and the classical argument (i.e. tensoring over A) is not working. In this case it is more 
appropriate to work in the monoidal category of comodules. We refer to [4j for details about tensor product 
over an algebra in a monoidal category. As A is an algebra in the monoidal abelian category A^^, we may 
form the tensor product M Qa M' for any M G Al^, M' G a-M^ as the following equalizer 

(M A) M' =^ M(g,M' — > M Oa M' — > 

{lM^I^M')'t>M,A,M' 

where fij^j and fj,j^j, are the A-module structure maps and </> is the coassociator. 

We need now two particular left Hopf modules. One of them is ,A* 0)^ A, with right iJ-coaction and 
left A-action on the first component. For the other one, notice first that 5 is a coalgebra map. Therefore 
we may take H as an object in M^ with h — > /12 ® S{hi), denoted H^ . Then we get an induced left Hopf 
module ,A' H^'' G a-M^ , with structure maps 

a(S)h — > ao /i2 ® ai'5'(/ii) (3.16) 

a{h®h) = aobo(^h2CJ~^{ai,bi,S{hi)) (3.17) 

We can construct now the following diagram for any M G Ma- 

M ®B A 



(M A) {A 05 A) 


(/m®(™a®b/a)</>m,a,a»bA 


Fi // Gi Fi u ^r' 

M {A 05 A) ^^ M Oa {A 0b A) 


(M y4) (A H) 


{lM^tJ.A»H)'t>M,A,AlSH 


ilM^can i-^A/O A can 

M(g)(A(g)H) ^^ M Oa {A H) 

F2 \\ G2 F2 U G2 

M(^H 


The two rows are exact by definition of Qa- 


The application Fi : A/,* (,A* 0b A) — > M' 



A. 



Fi{m (a 0B b)) = ma 0b b is well-defined, right iJ-colinear and 
Fiil^'M ® i^A ®s Ia)) = Fi{Im {ruA 0s Ia))<I)m,a,A(^bA 
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(here M* ®b ^ is a right comodule via pj^j ®b Ia, while M* (g) (,A* (E)b A) has the codiagonal comodule 
structure). Hence there is a right iJ-comodule niorphism Fi : M Qa {A <S)b A) — > M ^b A such that 
FiTTi — Fi. Moreover, Fi is an isomorphism with inverse F^"^ ~ ttiGi, where G\{ra<Si>B a) — ra® {1a ^b a). 

As ,A* ® H^^' is an A-module induced in M" , the cohnear map F2 : M* (g) {,A* ® H^^') — > M* ® H^^', 
F2{m (g) (a g) h)) — iriQao (g) h2UJ~^{mi,ai, S{hi)) factors through an isomorphism of right i/-comodules 
F2 : M Oa {A(g)H) ~ M(g)H , with inverse F^^ = tt2G2, where G2 (m g) /i) = to (g) (1a <E) h) (on M* g) H^' 
we have again the codiagonal comodule structure). 

According to Remark [24l the map can : ,A* (S)b A — > ,A* ®)H^'* is a morphism in a-M^ . Then lM®can 
induces a colinear map Im Oa can : M Qa {A ®)b A) — > M Qa {A ®b A). 

Composing now the morphisms from the last column in the above diagram, we obtain a natural map 
cauM '■ M 0B A — > Af g) H, which can be written as cauM ~ F2{Im Oa can)F^ — F2{Im ® can)Gi. This 
implies 

cani\i{m®B a) — F2{Im ® can)Gi{m®B a) 

= F2{Im ®can){m®{\A®B a)) 

= F2{m ® [ao ® (3{ai)a2)) 

= TOoflo g)ti;~-^(TOi, 01/3(02), S'(a3))a4 

The last part of the Lemma is now obvious. D 

(Proof of the Theorem) As in Lemma [TH we are able to show that for any M ^ A4^ , M (S) H becomes 
an object in Ma' with structure morphisms as in Remark [^D] (replacing the elements of A with elements of 
M). For later use, we write down explicitly the used isomorphisms: 

H* ®M' ^ M(g,H', 

ri}^{h®m) — mo®iLj{hi,m^,aS^^{ni2)S^^{nii))h2ni4 
'q'^{m®h) = /iiS'"^(to4) g)TOoa;~"^(/i2,5'~"^(m3)/35'""^(TO2),TOi) 

It follows that £m®h — icanM)f is bijective. Repeating the argument with M g) H instead of M, we obtain 
the bijectivity of e(M®H)®ff — icanM(S)H)j- Now the trick is to put this three maps together in a commutative 
diagram using their naturality: 







M""" (gs A 


— ¥ 


M (g)B A 


=J 


{{M®H)®bA 


£m i 




£m®H i 




£{M®H)®H i 


M 


Pm, 


M®H 


Pm^Ih 


(M ®H)®H 



(3.18) 



On the bottom row, Pm{it^) = "^0 ® ^'5' ^(toi)to2 and A{h) — hi (E) aS ^{h2)hj, for m £ M, h £ H. The 
upper row contains their images via the functor {—^"^ g)^ A. We need to see that p^^, pj^j Ih and 
Im E) a are morphisms of Hopf modules and the bottom row is exact. It is easy to check the colinearity 
of these maps, as the comodule structure on the tensor products M ® H and M ®) H ®) H comes from the 
last tensorand. The difhcult part is the right A-linearity, because of the unpleasant formula (|3.5p (applied 
to M, respectively M g) H). Instead of checking it directly, we shall use the isomorphism which leads to the 
mentioned formula. For p^^ , we have: 

M -^ M®H ~ H®M 
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and 

m — > mo (Si aS^ (1711)1712 ^^ maaS^ {7175)8'' (777,4) mow ^ {m7,S~ (77i3)/3S'~ (7^2), t^i) 

(1231) = q5'"^(7774)1h«'777oCJ"^(7715,S'"^(7773)/3S'~^(7772),777i) 

(I23D = Iff® 777 (3.19) 

Remembering that the A-module structure oi H ^ M is the one induced by M (i.e. (ft. ® 7r7)a = fti ® 
7r7oaoa;(ft-2,777i, oi)), it is now easy to verify the A-hnearity for the composed map rj^i'pj^j. 
For p^ ® Ihi we need to compose three times with the fohowing isomorphisms 

H' ® Ml '^ M, ® H: '''^" (M. ® HI), ® HI " ~«" H' ® (M. ® Hi)', '"^c^'' H' ® [H' ® M:)\ 

We use dots to indicate the structures (although the right A-structures are not the classical ones, we find 
the notation more suggestive). We obtain 

h®m — > 777o (g) a;(fti,7n3, aS'~"'^(7n2)'S'~"'^(777i))ft2'774 

— > tuq ® aS~ {mi)m2 ® uj{hi,7n5,aS~^{m4^)S^^{m3))h2mQ 

— > hi ® 77io ® aS~^ {mi)7n2LJ~'^ {h^mg , S''^ (m^) (3S~^ {7174) , 7i73)uj{h2 , msaS^^ {ttlj) , S~^{7n(i)) 

(|2.3p = fti (X> 7710 ® aS'^"'^(7r7i)77i2(jJ^"'^(ft2, 7niiS'~^(77i9), 7n3)ijj~"'^(77ii2, S'""'^(7n8), 7^,4) 

a;(ft3, 77710, 5'"^(7777)7775)/3S'~-^(7776)aS'"-^(777lo) 
([231 [2Jl) = ft® 7770 (X)aS'"\777l)7772W~^ (7777, S""^ (7775), 7773)/3S'"^(7774)aS'~\77l6) 

(1^ = h®7no®aS~^{mi)in2 

([319]) > ft ® Iff ® 777 

and this is again right A-linear. 

Finally, we repeat the above composition with Im ® A instead of pj^j ® In- Wc obtain 

h®7n > 7r7o ® w(fti,7r73, aS'^"'"(7772)5^"'"(77ti))ft277l4 

> rrio ®cj{hi,7n3,aS^ {m2)S^ {mij)h27n4 ® aS~ {h^in<^)h4in(, 

— ■> hs7nioaS^^ {h77nQ)S~^ {h^ms) ® rno ® i^{hi, 70.3, aS'~^(m,2)5~"'^(77ii))ft27774 

a;"^(ft9 77711, S'~^(ft57777)/3S'"-^(ft47776), ft3»775) 
p. 511 = Iff ® 7770 ®w(ftl,m-3, Q;S'~"^(7772)S'~"^(777l))ft27774CJ^"^(ft77r79, S'^"^(ft57777) 

/3S'^"'^(ft4777g), h37i75)aS^^ (hams) 

(|2.7P = Iff ® 7770 ®w(ftl,m.3,aS'~"^(7772)5""^(777l))ft27n,4 

— > 1h ®h®m 

which respects the multiplication with elements of A. 

We have to show now the exactness of the sequence. For the injectivity of pj^^: take 771 e Af such that 
7770 ® aS~^{mi)m2 = 0. Now apply pj^^ ® [(Iff ® A) A] to get 

= mo ® 77ii ® aS~^ {m2)m^ ® m^ ® 7715 

Finally, act on this by Im ® w32i(5'-i ® I^ ® I3S~^ ® S~'^). By (^7)) it follows = 77702(7771) = 777. 

Let's check now the exactness in M ® 7?. It is straightforward to see that {Im ® ^)'Pm — (Pm ® ^h)'Pm- 
Conversely, let ^^ 777^ ®fti £ M ® H such that J2i ™i ® ^a ® aS~^{hi2)ha = ^^ tr^o ® a5~-^ (777^1)777^2 ® hi. 
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Apply A and {Ih ® A) A on the second, respectively last component, then act by Im <^ Ih ® llj^'^^{S ^ ® 
Ih ® PS~^ S*"^). Again using fTJ^ we obtain 

'^nii'^hi = '^mio0aS~^{mii)mi2Uj{S^^{hi3)pS^^{hi2),hii,S^^{mi3)) 



Pm 



(^■miQLo{S ^iha)[3S ^{hi2),hii,S ^{mn)) 



Therefore the diagram p.lSp is commutative by the naturality of £■(-)■ The upper row is exact because 
(^—yoH jg exact and A is a faithfully flat _B-module. As explained above, Sm^h and £(m^h)^h are bijective, 
hence Em is too, by the Five Lemma. 

We move now to the unit M(_) of the adjunction. Let iV be a right S-module. Consider the maps 
ii,i2 : N (Sib A — s- N ^b ^ ®b A, ii{n (8)3 a) — n ®b 1a ®b a, «2(n- ^b a) = n ®b a C^b 1a and the short 
sequence 

il 

— > N — >N®bA^N®bA®bA 

where the first morphism is sending n to n (8)s 1a- As A is _B-flat, this map is injective. Although the 
associativity of A fails, the faithfully flatness property and the existence of the multiplication and of the unit 
for A allow us to show, as in the classical case, the exactness of the sequence in the middle term N ®b A 
(we tensor over B one more time with A, this is easy to see that is exact, and by faithfully flatness of A we 
go back to our sequence) . Therefore we may consider the diagram with the top row exact 



— 


N 


-^ N ®B A 




N ®B A®B A 


— 


UN i 

^ {N ®B A}""" - 


II 
-^ N (g)B A 


*2 


In ®b can | 

Ni^B A®H 



In the bottom row, the map p^ is given by PAio-) = ^0 ® /3(ai)a2- We need to check the exactness of this 
row. Consider ^ rii ^b o-i € [N ®b AY°^ . Then ^ rii ®b cho ® an — J2 "•i ®-B oj ® Iff implies 

i i i 

(In (^bPa- In 'S'B lA(E)UH)C^ni®B ai) = ^ n^ 0b Oio ® /3(aii)aj2 - ^"-i 0_b a^ <8) 1_h 

i i i 

= 
Conversely, let ^ Ui (g)B Ui ^ N (E)b A which satisfies ^ Ui (X>b ojo ® /?(aii)ai2 — J2''^i ®s Oi ® l_ff , and apply 

i i i 

Pa and (A /// ® /h)(A (g) Ih)^ on the second, respectively last component of the tensor product. We 
obtain 

y^ rii ®B aio (8) an (g) /3(ai2)ai3 (^ aj4 ^ ais (E)aie ^^^ rii (E)b OjO €5 aa (g) l/f- (gi 1// 1// (g) 1// 

i i 

Now act by S and a on the forth, respectively fifth tensorand and apply uj on the result. It follows that 
y^.rii (gs aio 'S> u>{aii, l3{ai2)S{ai3)a{ai4),ai5)aie = ^^^(8)5 a^o (g) w(aii, 5'(l//)a(l//), l_ff)li/ 
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meaning 

y^ rii ®B aio (8) Oil = ^ rn (g)B a^ 1h 

i i 

Therefore, the bottom row is exact. The top row is exact by the previous remarks, while the commuta- 
tivity of the whole diagram can be easily checked. Therefore, un is bijective by the Five Lemma. 

(2) => (1) Follows as in the Hopf case, using also Corollary (PT|) . D 

Remark 30. In the proof of the bijectivity of the counit, we have replaced the Galois maps with £m®h and 
siM(g)H)®H- Although in the Hopf algebra case they coincide, in our context the presence of the twist f made 
very difficult to check directly the commutativity of both diagrams. Therefore we have chosen a functorial 
approach, with appropriately changed morphisms. For the proof of the bijectivity of the second adjunction 
map Mat, where TV G A^b, a change of morphisms in the horizontal rows was also necessary. 

We are going to prove now an affineness condition for coquasi-Hopf algebras. First we need the following 

Proposition 31. Let H be a coquasi-Hopf algebra with bijective antipode, A an H-comodule algebra and 
B = A'^°^ . Assume that there exists 7 : H — > A a total integral (i.e. a colinear map satisfying j{1h) = ^a)- 
Then u^ ■ N — > {N (E)b AY°^ , MAr(n) = n ®_b ^A, is an isomorphism of right B-modules for all N G Mb- 

Proof. We shall define first an analogue of the trace map, namely tA '. A — > _B, tyi(a) = cloP{o-i)i S{a2) . 
This is well defined, because 

ptA{a) = aoo/3(ai)7S'(a2)o <X)aoi7S'(a2)i 
(colinearity of 7) = aQJ3{a2)"^S{a4) ^ aiS{a^) 
= aol3[ai)^S{a2) ® Ih 

where we have used that S is an antimorphism of coalgebras and relation (|2.6p . Then using again relation 
()2.6|) one can check that the map {N ®b AY°^ — > N , ^^ Ui ®b a-i — > nitA{ai) is the inverse of ujv. D 

We may state now the announced affineness criterion: 

Theorem 32. Let H be a coquasi-Hopf algebra with bijective antipode, A an H-comodule algebra and B = 
A™^. Assume that 

(1) There exists 7 : H — > A a total integral; 

(2) The canonical map can : A (g)B A — > A® H is surjective. 

Then the functor of coinvariants and the induction functor form a pair of inverse equivalences between 
Ma and Mb- 

Proof. From the previous Proposition, we know that the unit of the adjunction is bijective. It remains to 
show that Em '- M^°^ ®b A — > M is an isomorphism for any Hopf module M G Ma- Wc shall follow here 
the approach from [32 . 

Recall that Bulacu and Nauwelaerts ([13]) have proven the equivalence between the existence of a total 
integral on a comodule algebra A and the injectivity of any Hopf module as a right _ff-comodule. Their 
result is stated for right Hopf modules, but it holds also for aM^ because the antipode is bijective and 
M^^A^^._M"-- 

From Remark 1241 we know that can is a morphism of left Hopf modules. The composition 



can : ,A* (g) A — > ,A' ®_b A — > ,A' (g) H 



rS,. 
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will be a surjective left Hopf module map, therefore it splits as an 7J-comodule map via a colinear morphism 
6 :, A* (3 H^'* — > ,A* ® A with canO = Ia®h- Denote 9{1a ®h) = ^ k{h) ri{h) as an extension of the 

i 

notation from Proposition [221 It follows that analogues of properties (5.1)-(5.4) hold: 

'^k{hi)(g>¥,{hi)(g)h2 = '^k{h)^¥,{h)o^r,{h)i (3.20) 

i i 

Yj,{h)7,{h) = a{h)lA (3.21) 

i 

^k{h)o®n{h)®k{h)i = ^k{h2)®n{h2)®S{hi) (3.22) 

i i 

y^ a^l3{ai)li{a2) <^ ri{a2) ^ 1a ® a (3.23) 

i 

Relation ((2?^ implies J2 mol3{mi)li{m2)®ri{m2) G M™^0A. Now we can define Xm ■ ^ — > M''°"(E)bA, 

i 

XAf (^^) — X] iT^oP{'>T^i)h{f^2) ^B 'f^i{f^2)- Wc claim that this is an inverse for Em^ for ^ny M G M^.- I^ideed 

i 

XM^M{m ®B a) = XA-ii'iTT'O') = X! ™ao/?(ai)^i(a2) ®s ?i(a2) 

((X^ == m(g,Ba 
for aU m(E)B a e Ar°" ®s A and 

£AfXAf(™) = £MC^'mo(3{mi)li{ni2)(E)Bri{m2)) 

i 

= y^[mo/3(mi)/i(m2)]fi(TO2) 

= ^"io[/i(m3)ori(m3)o]w(rni,Zi(m3)i,ri(m3)i)/3(m2) 

(|3.22p = ^mo[/j(m4)?i(m4)o]w(mi,S'(m3),fj(TO4)i)/3(TO2) 

P-20P = ^mo[/i(m4)fi(m4)]tj(mi,S'(m3),TO5)/3(m2) 

(|3.2ip == ^ moa;(mi, ^'(ma), m5)^(m2)a(m4) 

(I^Tl) = TO 

for all 771 e Af . It follows that em is bijective. D 

We can state now all our previous results in the form of the following theorem: 

Theorem 33. Let H be a coquasi-Hopf algebra with bijective antipode, A an H-comodule algebra and B = 
j^coH ^ y/jgyj ^/jg following are equivalent: 

(1) There exists a total integral 7 : H — > A and the map can : A ®b A — > A® H is surjective; 

(2) The functor of coinvariants and the induction functor are a pair of inverse equivalences between A4^ 
and A4b; 
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(3) The functor of coinvariants and the induction functor are a pair of inverse equivalences between a-M^ 
and B-M.; 

(4) A is faithfully flat as a left B-module, and A is a Galois extension of B; 

(5) A is faithfully fiat as a right B-module, and A is a Galois extension of B. 

Proof. (1) => (2) follows from Theorem [32l (2) <^=> (4) is Theorem [28l (4) =^ (1) uses the same argmiient 
as in 33J, because can' is also bijective by Lcmnia[T4l and is a morphism of left i?- modules, right i?-comodules 
by Proposition [23l (6) . The sequence of isomorphisms {A is flat i?- module) 

{A'UhV) ®s a 2± {A' ®B A)UhV ~ (A ® H')UhV ~ A V^ 

for each V G ^ M, together with the left S-faithful flatness oi A imply that A is right _ff-coflat, or equivalently, 
that A is 7J-injective (here Djif is the cotensor product over H). 

(1) -^=> (3) <;=^ (5) We simply apply the above to A°p as a right i?°''-comodule algebra, since the 
antipode is bijective. D 

4 A bialgebroid associated to a faithfully flat Galois extension 

Let H he a coquasi-bialgebra (without any assumption on the antipode) and A a right iJ-comodule 
algebra. On the tensor product A ® A°p we consider the codiagonal right i?-comodule structure p{a ® fe) = 
oo «) 6o (H) aih. Denote i = (A ® A°Py°" . Then 

Proposition 34. L is an associative B ® B°P-algebra with unit 1a (8) 1a O'^d multiplication 

(a® 6)(c(X)d) = aoco do6o^^"^(ai, ci, di6i)a;(c2, cf2, 62) (4.1) 

for a®h, c® d € L. 

Proof. We shall suppress the ^ symbol when referring to elements of L for simplicity. 

After a short calculation, it follows that the multiplication is well-defined, with values in L. Moreover, 
the maps b e B — > b®lA^ A® A°p, b e B°p — > lA^b e A® A°p take values in L and are multiplicative. 

It is easy to check that 1a®1a^L and that it is a unit for the given multiplication. The most difficult 
part to show is the associativity. Take a®b, c®d, e®fGL (summation understood). Then we compute 

[{a®b){c®d)]{e(g)f) = {aoCo (g) dobo){e(E) f)uj~'^{ai,ci,dibi)(jj{c2,d2,b2) 

dm]) = iaoCo)eo® fo{dobo)uj~'^{aiCi,ei,fi{dibi))uj{e2,f2,d2b2) 

^'^{0.2, C2, d3b-i)uj{c-i, d4,b4) 
(EH) = (aoco)eo ® (/orfo)&o'^~^(aiCi,ei,(/idi)6i)w"^(/2,d2,&2) 

Uj{e2,f3,d3b3)uj~^{a2,c2,d4b4)uj{c3,d5,b5) 
(1131) = {aoCo)eo®){fodo)bouJ^^iaiCi,ei,{fidi)bi)uj{e2,f2d2,b2) 

w(e3, fs, d3)u;~^(e4/4, ^4, fo3)w""^(a2, C2, ^5^4)^(03, de, 65) 
(e(8)/eL) = {aoCo)eo®{fodo)boLL>~'^{aiCi,ei,{fidi)bi)(jj{e2,f2d2,b2) 

w(e3, /s, (i3)w"^(a2, C2, dib3)uj[cs„d5, 64) 
(1231) = (aoco)eo ® (/odo)&ot^((aiCi)ei,/idi,6i)a;~"^(a2C2,e2,/2d2) 

^'^{a^c?,, e3(/34), ^2)^^(64, /4, di)uj^^{a4, C4, ^563) 

Cj(c5,d6,&4) 

(P^ -feiK) f e £) = (aoco)eo ® (/odo)feo'^((aiCi)ei, /idi, 6i)a;"^(a2C2, 62, 72^2) 
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w(e3, /a, d3)w"^(a3C3, d^, 62)0;^^ (04, C4, d5b3)uj{c5, dg, 64) 
(I221),(c® d e L) = (aoco)eo ® (/odo)feo'^((aiCi)ei, /idi, 6i)a;~^(a2C2, 62, /2d2) 
^^(63, fa, rf3)w"^(a3, C3, ^4) 
(jZTTI) = ao(coeo) (/odo)&ow(ai(ciei), /idi, 6i)a;(a2, C2, 62) 

^^^^(0303, 63, /2d2)w(e4, /3, d3)w"^(a4, C4, 1^4) 

Apparently this leads nowhere. But let's evaluate also 

(a(g)6)[(c(8)d)(e®/)] == (a ® 6)(coeo ® /odo)t^"^(ci, ei, /i(ii)tj(e2, /2, ^2) 

(SU) = ao{coeo)'^{fodo)bo^^^{ai,Ciei,{fidi)bi)uj{c2e2,f2d2,b2) 
^~^{c3,e3, f^d^)uj{ei, f^, d^) 

(HJI) = ao(coeo) (8) (/odo)&o'^(ai(ciei),/idi,5i)u;"^(a2,C2e2,/2d2) 
w~^(a3, (C3e3)(/3d3), 62)u;~^(c4, 64, /4d4)w(e5, /s, 4) 

(|2J|) . ([2J|) = ao(coeo) ® (/odo)&oi^(ai(ciei),/idi,5i)a;"-^(a2, €262, 72^2) 
^^"^(03, 63, 73^3)^(64, /4, d4)w~^(a3, 64^5, ^2) 

(c(g)de£) = ao(coeo) ® (/odo)fco'^(ai(ciei),/idi,6i)a;"^(a2,C2e2,/2d2) 

'^~^(C3, 63, /3d3)w(e4, /4, ^4) 

(1231) = ao(coeo) (/odo)&o'^(ai(ciei),/idi,5i)u;(a2, 02,62) 
'^"^(0363, 63, /2d2)w"^(a4, C4, e4(/3d3))w(e5, /4, ^4) 
(HH]), = ao(coeo) «) (/odo)&ow(ai(ciei),/idi,5i)u;(a2,C2,e2) 
^"^(0303, 63, f2d2)oj{e4, fs, 4)w"^(a4, C4, ^4) 
hence we have obtained the same as above. D 

Proposition 35. Let H be a coquasi-Hopf algebra with bijective antipode and A a right H-comodule algebra, 
left faithfully flat and Galois over B = A"^"^ . Then the left L-module category lM is equivalent to the 
category of two sided {H, A)- Hop f modules A-M^(i.e. A-bimodules injvi^). 

Proof. Let N be any left L-module. By restriction, iV is a left i3°P-module, that is, a right B-module. We 
can use then the category equivalence Mb — M-a from Theorem [28l It follows that N C^b Al G M^- But 
we still need the left A-module structure on TV (g)B Al. For this, we shall use the inverse of the Galois map 
with notations from Proposition 1231 

aQ {n(S)B b) ^ ^^[oq ® boU!{ai,bi,P{a2b2)S{a3b3))k{a4b4)]n(g)B ri{a4b4:) (4.2) 

i 

for any a,b € A, n G N. We should check first if this is well-defined. For this, consider (A* (E) A*) ®s ^ as a 
right iJ-comodule with coaction on the first component. We can compute 

p{[ao (g) bQUj{ai,bi,P{a2b2)S{a3b3))li(a4b4)] (E)b n(a464)) = ^[oo «> boUj(a2,b2, f3{a3b3)S{a4b4)) 

i 

li{a5b5)o] (E>Bri{aebe) (E) ailbik^a^b^)!] 
(Proposition[13i;5.3)),(IlII]),(I2;n]) = ^[oq ® ^0^(01, 61, /3(a262)5'(a363)) 

i 

Ii{a4b4)] (g)B 7-^(0464) (g) 1h 
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By the left _B-fiatness of A, it follows that 

^[ao bouj{ai,bi,l3{a2b2)S{a3b3))k{a4b4)] <»b 7-4(0464) e {A' «) A'y°" (»b A 

i 

Therefore, relation (|4.2p is correct. We still need to check that the formula defines on N®bA'^ an A-bimodule 
structure in M^ . The left A- multiplication is i7-colinear and 

lA&{n®Bb) = ^[lA«'6o/3(6i)/»(62)]n«'i3r»(&2) 

i 

fProposition [^ 5.4)) = (1^ ® Ia)"- ®b b 
— n ®B b 
Now we compute 

flo (60 ("®s co))a;(ai,6i,ci) = ^ oo [[60 cot^(6i, ci,/3(62C2)S'(63C3)) 

i 

li{biCi)]n ®B ri(64C4)]w(ai, 65, C5) 
(Proposition [23[5.1)) — yj(ao ® f'i{biCi)lj{ai{b^c^))){bi) ^ CQli{b^Ci))n 

'»Brj{a4{bsCs))uj{ai,b5C5,S{a3{brC7)) 
uj{bi, ci, S{b3C3))l3{b2C2)P{a2{beCe)) 
(|ll]),(Proposition[2l5.1),(5.3)) = ^{aabo (S) [cok{bsCs)][n{bsCs)lj{a7{bi6Ci6))]}n 

i,3 
0B?'j(a7(6l6Cl6))'^"^(ai,6l, [ci5(fe7C7)][(fe9C9) 

S{aQ{bizCiz))])u){b2,C2S{bfiCQ), (feiocio) 
S'(a5(6i4Ci4)))w(a2, 611C11, 5'(a4(6i3Ci3))) 
u;(&3, C3, S'(65C5))/3(64C4)/3(a3(6i2Ci2)) 
(USD, dSID, (E2S1) = ^{ao6o0co[Z«(68C8)h(68C8)?j(a8(6i8Ci8))]]}n 

0B?'j(a8(6l8Cl8))'^~^(ai, 61, Ci [5(6707) [(69 Cg) 
S'(a7(6i7Ci7))]])w(62, C2, 5(6606) [(610C10) 

5(a6(6i6Ci6))])a;(63C3, 5(6565), (611C11) 
5(a5(6i5Ci5)))w(a2, 612C12, 5(04(614014))) 
/3(64C4)/3(a3(6i3Ci3)) 

(EH]), (1125]), (Proposition[12K5.2)), ([23]) = ^ {0960 cqZj (09(617017))} n 0b r^ (09(617017)) 

j 

w"^(0i,6i,Ci5(08(6i6Ci6))) 

^(62, 02,5(07(615015))) 

a;"^(5(66C6), 6sC8, 5(o6(6i4Ci4)))w(63C3, 5(6505), 

(69C9)5(o5(6i3Ci3)))a;(a2, 610C10, 5(04(612612))) 

/3(64C4)/3(o3(6iiCii)) 

(I13]),(I23]),(I21]),(I1I7]) = ^{oo6o0co/j(o7(68C8))}n0Brj(o7(68C8)) 
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uj~^{ai,bi,ciS{ae{b7Cr)))uj{b2,C2,S{a5{bGCe))) 
w(a2, 53C3, S'(a4(65C5)))/3(a3(&4C4)) 

(|2.3p . (|2.ip = ^{ao6o ®CoZj ((0464)04)} n®^ r^ ((0464)08) 
3 
uj{aibi, ciS{{azbs)ci)(i{{a2b2)c2) 
= {ab) (n ^B c) 

hence N ®b ^ is a left A- module in 7W^. We only have to show the compatibility between the two A-module 
structures: 

oo [(ri®B &o)co]w(ai,5i,ci) = ^[oq (6oCo)'i(a4(64C4))]n ®b ri(a4 

i 

(64C4))t^(ai, 61C1, S'(a3(63C3))w(a5, 65, C5) 
/3(a2(62C2)) 
(EJD, (Proposition[12i;5.3),(5.5)), (I^TB . (I^J^D = ^[oq ® (6oCo)/»(c5)/j(a5&5)]n ®s ^-j^as^s) 

i,3 

ri{cz)uj(ai,biCi,S{ci)S{aAbi))uj{a2,b2, C2) 
q{a3b3,C3) 
(PITD . (I^:^ . (I^:^ . (Proposition [^5.311 = Xlt''" ® ^" {[•'o'»(^i3)]/j(aio&ii)}]n ^s 

r-j(aio6ii)ri(ci3)w"^(ci, 5(ci2), S'(a96io)) 
w(6i,C2,5(cii)S'(a869)) 
w(ai, 62C3, S{cio)S{arbs)) 
w(a2, 63, C4)w((a364)c5, S'(c9), S'(a667)) 
uj^'^ {aibz, ce, S{c8))P{a5b6)P{cr) 
^M,^M,^^,^M = Yl^ao(Sbo{[cok{c2)]ljiaibi)}]n(SB 

i,3 

r.j{a4,b4,)n{c2)uj{ai,bi, Sia^b^)) 
P{a2b2)(3{ci) 
(Proposition [1215.4)) = (a0(n0s6))c 

Hence N 0^ A £ a-Ma- I* is easy to see that a map L-linear 77 : A^i — > N2 induces a morphism ij 0^ Ia 
in yiTW^. We get then a functor JF : j^Ai — > a-Ma- For the inverse construction, let M G a-M^. Then 
A/coH e X^ = ^op7\/(. For any m e M""" and a 6 G i, we may define 

(a 6)771 = a{mb) = {am)b 

Using this multiplication, M'^°^ G lA^ and we have a functor t/ : aM.^ — ^ lA^- 

Notice that these two functors are obtained simply restricting the ones in Theorem [551 The unit and 
the counit are easily checked to be morphisms in the restricted categories. Therefore we get the category 
equivalence l-M. ^aM^. D 

Corollary 36. The category lM is monoidal. 

Proof. As A'^A ^^ monoidal with Qa the tensor product over A in the comodule category, it remains only 
to transport the monoidal structure. D 
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Remark 37. The previous theorem generahzes Schauenburg's resuh in the Hopf algebra case (^Ol)- In [5T] . 
he gave a categorical proof, using actions of monoidal categories. All his arguments were purely categorical, 
explaining why Schauenburg's construction can also be performed for coquasi-Hopf algebras. But in order 
to avoid long and tedious computations, we preferred the direct approach. 

In |3Qj it was also shown that there is a x^-bialgebra (in the sense of Takeuchi) structure on L, using 
precisely the monoidal structure given by the above corollary. Let see now that a similar result holds also in 
the coquasi case. But first we have an inconvenient: we cannot tensor over A, as this is not an associative 
algebra. This can be avoided by considering suitable tensor product, namely in the monoidal category of 
comodules. 

Lemma 38. Let H be a coquasi-bialgebra, A a right H-comodule algebra and B — A'^°^ . For any right 
B-module N and any left Hopf module M G aM.^ , we have [N ®b A\) Qa M' ~ N ®b M* as comodules, 
where Qa denotes the tensor product over A in the monoidal category A4 , N Os A* is the induced right 
Hopf module and N ®b M' carries the comodule structure given by that of M . 

Proof. Recall that the tensor product over A is the equalizer (in the category of right comodules) of the 
following morphisms ji,J2 '■ [{N (X)_b A) ® A] >S) M — > (N (8)3 A) (g) M, where 

ji([(n (^B a) ^b]^m = n ®b ab ® m 

j\{[{n ®B a) ®b]®m = n ®b oq ® bomoLu{ai,bi,mi) 

Now define ip : {N (^b A) ®M — > N ®b M, (f{{n®Bo) ®m) = n^BO-m- Then Lp is colinear and Lpji = (pJ2- 
Hence it induces the desired isomorphism. D 

Corollary 39. Let H be a coquasi-Hopf algebra with bijective antipode and A a right H-comodule algebra, 
left faithfully flat and Galois over B — A'^"^ . Then the equivalence Ai^ — -^B induces a monoidal functor 
i-Y"" -.aM'^^bMb- 

Proof. It follows by the previous Lemma and from |30j . Lemma 6.1. D 

As the monoidal structure of lM comes from the one of a-Ma ^^d the functorial diagram 

aM^ ^ lM 

BopM 

commutes, where U is the forgetful functor, from Corollary [351 it follows that there U is also monoidal. But 
according to [5D] and [TU], a, B ® i3°P-algebra L such that the forgetful functor lM — > b-Mb is (strictly) 
monoidal is precisely a x^-bialgebra (in the sense of Takeuchi) or equivalently, a bialgebroid. Therefore we 
have obtained a new structure object L, whose properties (mainly for the case i? = k) will make the purpose 
of an author's forthcoming paper. Having in mind the Hopf algebra case, where the biGalois extensions 
and torsors are involved, it is expected that this will clarify more about the connections between various 
generalizations of Hopf algebras. 

Acknowledgement. The author would like to thank Prof. C. Nastasescu and F. Panaite for their useful 
comments which improved this paper. 
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